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Abstract:
We geometrize six-dimensional pure N = 1 Supergravity by means of an exact Courant al-
gebroid, whose S˘evera class is defined through the Supergravity three-form H, equipped with a
generalized metric and a compatible, torsion-free, generalized connection. The Supergravity equa-
tions of motion follow from the vanishing of the Ricci curvature of the generalized metric, satisfying
a natural notion of self-duality. This way, we interpret the solutions of six-dimensional pure, N = 1,
Supergravity as generalized self-dual gravitational monopoles. For the D1-D5 black string solution,
we explore the possibility of controlling space-time singularities by using B-field transformations.
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1 Introduction
It is a remarkable fact that some Supergravity theories can be geometrized using different varia-
tions of Hitchin’s theory of generalized geometry [1], in the sense that at least their bosonic sector
can be written in terms of natural geometric structures, namely, generalized metrics, compatible
generalized connections and generalized curvature quantitities attached to them. The geometriza-
tion of a Supergravity theory provide us with a very convenient and natural set-up where to study
its structure, its supersymmetric solutions [2, 3], and in particular its moduli space [4–6], being
also a unifying and elegant framework interesting from the mathematical point of view [7, 7]. So
far, the geometrization program has been carried out, at least partially, for the higher dimensional
Supergravities: for example reference [8] deal with Type-II Supergravities, references [6, 9, 10]
treat Heterotic Supergravity and some of its α′-corrections and references [11, 12] deal with eleven-
dimensional Supergravity, where the geometrization has only been achieved for a particular class
of backgrounds. In the context of double field theory, the geometrization of supergravity theories
was pioneered in [13, 14] and later completed in [15–17]. For Type-II theories, a geometrization
was achieved in [18, 19], while Heterotic theories and their α′-corrections have been described in
[20–22].
A common feature of the geometrization of higher dimensional supergravities is that the bosonic
fields can be encoded in a generalized metric G (in absence of RR fields in Type-II), with compatible
torsion-free generalized connection, and the equations of motion are described in terms of the
generalized vacuum Einstein equations
GRic = 0, GS = 0,
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where GRic and GS are the natural analogues, in the realm of generalized geometry, of the Ricci
tensor and the scalar curvature in Einstein gravity. The main goal of this work is to show that
other interesting lower-dimensional Supergravities can be studied using generalized geometry. In
this letter we describe six-dimensional, pure, N = 1 Supergravity by means of an exact Courant
algebroid, whose S˘evera class is given by the three-form H of the Supergravity theory. We will
see how the self-dual condition on H can be naturally reinterpreted in the language of generalized
geometry as a self-duality condition for a Lorentz generalized metric in six dimensions, reminiscent
of the standard self-duality condition for gravitational instantons in four dimensions. With the
right notion of self-duality at hand, the Supergravity equations of motion follow from the generalized
vacuum Einstein equations. On the other hand, imposing the generalized vacuum Einstein equations
without assuming self-duality for the generalized metric, provides a class of bosonic theories with
the same bosonic content as six-dimensional pure, N = 1 Supergravity, such that the three-form
H is not self-dual but a section of an appropriate Lagrangian subbundle of the SO(10, 10)-bundle
of three-forms. The interpretation of this class of theories is unclear, but it would be interesting to
check whether they can be supersymmetrized in some sense, since they have the right number of
bosonic degrees of freedom to be supersymmetric.
To explore the role played by singular solutions in generalized geometry, we consider the gen-
eralized metric corresponding to a specific supersymmetric, singular, solution of six-dimensional
pure N = 1 supergravity: the self-dual string. By constructing an exact Courant algebroid over
the singularity of the black string, we will argue that there exists a smooth, degenerate, transition
from the black string solution to the solution corresponding to a naked singularity. This is achieved
via the construction of a family of generalized Lorentz metrics, degenerating smoothly along the
singularity. We speculate that this new point of view may lead to a better understanding and
control of space-time singularities in Supergravity.
Six dimensional, pure, N = 1 supergravity is a very interesting theory to study in generalized
geometry. Firstly, it is arguably one of the simplest supergravity theories that can be geometrized,
and thus it is the perfect arena where to fully understand the geometrization procedure and explore
its different possibilities. Through compactification or dimensional reduction of six-dimensional,
pure, N = 1 Supergravity, one can obtain interesting four-dimensional and three-dimensional Su-
pergravities, so despite its simplicity it is related to interesting theories in lower dimensions. In
addition, the solutions of six-dimensional pure, N = 1 Supergravity [23, 24] play a very important
role in relation to the microstate-geometries/fuzzball proposal [25] for the description of the black
hole entropies in String Theory, see [26–31] for more details and further references. In particular,
understanding their moduli space is of paramount importance in this program and we indeed think
that generalized geometry is the right framework where to study this problem.
From a mathematical perspective, this work provides a new interesting geometric structure
— self-dual, Lorentzian, generalized metrics in six dimensions —, reminiscent of the self-duality
condition for gravitational instantons in four dimensions. Given an exact Courant algebroid E on
a six dimensional oriented manifold M , a Lorentzian generalized metric is given by a reduction of
the SO(6, 6)-bundle of frames of E to
SO(1, 5)× SO(1, 5)
Under natural transversality conditions with the cotangent bundle 0 → T ∗M → E, a generalized
metric has an associated three-form curvature H and provides an identification of the SO(6, 6)-
spinor bundle
S6,6 ∼= Λ∗T ∗M,
which is endowed with a Hodge star operator
? : S6,6 → S6,6.
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Regarding the three-form curvature as an SO(6, 6)-spinor H ∈ Λ∗T ∗M , a self-dual generalized
Lorentzian metric is defined by the condition
?H = H.
Self-dual generalized metrics can be understood as weak analogues of self-dual gravitational instan-
tons. Being a natural notion in generalized geometry in six-dimensions, self-duality produces an
interesting coupling for a classical Lorentz metric g with a closed three-form H, which seems to be
intimately related with paracomplex geometry. On the one hand, N. Hitchin has previously studied
the geometry of self-dual three-forms in Lorentz signature in his seminal paper [32] showing that,
generically, such a three-form defines a paracomplex structure on open sets in the manifold M . On
the other hand, when the aforementioned transversality of the generalized metric is lost, it relates
to a paracomplex structure on the manifold, as we show in Example 2.8. It would be interesting to
explore further this relation.
The outline of this letter goes as follows. In Section 2 we give a gentle introduction to exact
Courant algebroids and generalized metrics. In Section 3 we consider torsion-free, metric com-
patible, generalized connections and the associated curvature quantities. Section 4 contains the
main results of this letter: we apply the formalism of Section 2 and Section 3 to six-dimensional
pure, N = 1 Supergravity obtaining its description in the language of generalized geometry and
identifying its solutions as generalized self-dual gravitational monopoles. In section 5 we explicitly
obtain the generalized metric corresponding to a simple, singular, supersymmetric solution of six-
dimensional pure, N = 1 Supergravity, in order to illustrate how the singularities appear in the
generalized geometry approach. Finally, appendix A contains some mathematical background.
In this letter, by gravitational monopole we mean simply a Ricci-flat (possibly singular) Lorentzian
manifold. In the literature the assumption of having finite energy is often included as part of the
definition, but we will not assume this extra condition.
2 Courant algebroids and admissible generalized metrics
In this section we introduce, closely following references [6, 9, 33], the mathematical background for
the geometrization of six-dimensional N = 1 pure Supergravity, namely exact Courant algebroids
endowed with the appropriate generalized connections.
2.1 Courant algebroids
Intuitively speaking, a Courant algebroid is an enhancement of the tangent bundle of a smooth
manifold M by means of a vector bundle E → M equipped with a non-degenerate symmetric
bilinear form and a bracket, satisfying a relaxed version of the Lie bracket axioms. Here M is
a d-dimensional manifold. A particular example of Courant algebroid, see example 2.2, was first
introduced by T. Courant in reference [34] in order to obtain a unified description of pre-symplectic
and Poisson structures in Dirac’s theory of constrained mechanical systems. Courant algebroids
were then abstractly defined for the first time by Liu, Weinstein and Xu in reference [35], and by
know there are several equivalent definitions of Courant algebroids available in the literature. Here
we will use the definition given in reference [36] by S˘evera:
Definition 2.1 ([36]). A Courant algebroid (E, 〈·, ·〉, [·, ·], pi) over a manifold M consists of a vector
bundle E → M together with a nondegenerate symmetric bilinear form 〈·, ·〉 on E, a (Dorfman)
bracket [·, ·] on the sections Γ(E), and a bundle map pi : E → TM such that the following properties
are satisfied, for e1, e2, e3 ∈ Γ(E) and φ ∈ C∞(M):
(C1): [e1, [e2, e3]] = [[e1, e2], e3] + [e2, [e1, e3]],
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(C2): pi([e1, e2]) = [pi(e1), pi(e2)],
(C3): [e1, φe2] = pi(e1)(φ)e2 + φ[e1, e2],
(C4): pi(e1)〈e2, e3〉 = 〈[e1, e2], e3〉+ 〈e2, [e1, e3]〉,
(C5): [e1, e2] + [e2, e1] = pi∗d〈e1, e2〉.
The map pi : E → TM is usually called the anchor map. Notice that given an Courant algebroid
E, we can always identify E∗ ' E by using the bilinear 〈·, ·〉 and hence we obtain a map
pi∗ : T ∗M → E , (2.1)
dual to pi : E → TM . This is the map appearing in item C5 of definition 2.1. The bracket in
Definition 2.1 goes under the name of Dorfman bracket [·, ·]. It satisfies the Jacobi identity, namely
item C1, but fails to be antisymmetric, and relates to the skew-symmetrized Courant bracket [[·, ·]],
by
[·, ·] = [[·, ·]] + pi∗d〈·, ·〉 . (2.2)
The symbol d denotes the de Rahm differential. The definition in the original reference [35], differs
from definition 2.1 in the bracket used (see also [37]). An explicit example of Courant algebroid is
now in order.
Example 2.2. The simplest example of Courant algebroid is the standard Courant algebroid
E = TM ⊕ T ∗M over a manifold M , equipped with the standard Dorfman bracket:
[v1 + α1, v2 + α2] = [v1, v2]L + Lv1α2 − ιv2dα1 , v1, v2 ∈ X(M) , α1, α2 ∈ Ω1(M) , (2.3)
and the standard symmetric pairing:
〈v1 + α1, v2 + α2〉 = 1
2
(ιv1α2 + ιv2α1) , (2.4)
where [·, ·]L denotes the standard Lie bracket on X(M). The anchor map pi : E → TM is simply the
obvious projection on the tangent bundle.
It was noticed in reference [36] that one can twist the standard Dorfman bracket by using a closed
three-form H as follows:
[v1 + α1, v2 + α2]H = [v1, v2]L + Lv1α2 − ιv2dα1 + ιv1ιv2H , (2.5)
and still obtain a Courant algebroid in TM ⊕ T ∗M , with the same anchor and symmetric product.
This way, it is obtained the so-called H-twisted standard Courant algebroid. The standard Courant
algebroid is, as we will see in a moment, the prototype of an exact Courant algebroid.
Definition 2.3. [36] A Courant algebroid (E, 〈·, ·〉, [·, ·], pi) over M is exact if and only if the fol-
lowing sequence of vector bundles
0 // T ∗M pi
∗
// E
pi // TM // 0 , (2.6)
is exact.
Definition 2.4. [36] A splitting of an exact Courant algebroid (E, 〈·, ·〉, [·, ·], pi) over a manifold M
is a map of vector bundles s : TM → E such that
1. pi ◦ s = ITM ,
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2. 〈s(v1), s(v2)〉 = 0 for all v1, v2 ∈ X(M).
Definition 2.4 means that a splitting of an exact Courant algebroid is an isotropic splitting of the
sequence of vector bundles 2.6. Notice that pi∗ (T ∗M) ∩ s (TM) = {0}. The exactness condition in
the definition 2.3 forces pi∗(T ∗M) to be isotropic in E and thus the symmetric pairing 〈·, ·〉 is bound
to be of split signature. If s is an splitting, then for every two-form b ∈ Ω2(M) we can construct
another splitting s′ as follows
s′(v) = s(v) +
1
2
pi∗b(v) , (2.7)
and in fact every two splittings of a Courant algebroid differ by a two-form on M in this way [38].
In other words, the space of splittings of a Courant algebroid is an affine space modeled on Ω2(M).
Given an exact Courant algebroid (E, 〈·, ·〉, [·, ·], pi), any isotropic splitting s : TM → E, has an
associated three-form curvature:
H(v1, v2, v3) = 〈[[s(v1), s(v2)]], s(v3)〉 , v1, v2, v3 ∈ X(M) . (2.8)
It can be proven that given another splitting s′ then the corresponding three-form:
H ′(v1, v2, v3) = 〈[[s′(v1), s′(v2)]], s′(v3)〉 , v1, v2, v3 ∈ X(M) . (2.9)
is related to H as follows:
H ′ = H + db , (2.10)
where s′ − s = b ∈ Ω2(M). As observed first by S˘evera [36], given an exact Courant algebroid
(E, 〈·, ·〉, [·, ·], pi), the class [H] ∈ H3(M) does not depend on the splitting. It is called the S˘evera
class of the exact Courant algebroid and its importance steams from the fact that it classifies exact
Courant algebroids up to isomorphism. In other words, two exact Courant algebroids are isomorphic
if and only if they have the same S˘evera class.
Notice that for an exact Courant algebroid (E, 〈·, ·〉, [·, ·], pi), any isotropic splitting s : TM → E
determines an isomorphism
s+
1
2
pi∗ : TM ⊕ T ∗M → E,
and the trasported bracket and pairing are given by 2.5 and 2.4, respectively. Therefore, exact
Courant algebroids over a manifold M can be always modeled by the corresponding generalized
tangent bundle TM ⊕ T ∗M equipped with the standard symmetric pairing and the H-twisted
Courant bracket 2.5.
2.2 Admissible generalized metrics
As mentioned earlier, the symmetric pairing 〈·, ·〉 of an exact Courant algebroid is of signature
(d, d). In particular it implies a reduction of the bundle of frames of E to O(d, d). A generalized
metric of signature (p, q) is a further reduction of the bundle of frames of E from O(d, d) to:
O(p, q)×O(q, p) ⊂ O(d, d) . (2.11)
More geometrically, a generalized metric can alternatively be defined as a subbundle
V+ ⊂ E , (2.12)
such that the restriction of the symmetric pairing 〈·, ·〉 to V+ is a non-degenerate metric of signa-
ture (p, q). Notice that for the case of an exact Courant algebroid with p = d, q = 0, we recover
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the definition of generalized metric given in [7], which induces a Riemannian metric in the corre-
sponding vector bundle V+. We will denote by V− the orthogonal complement of V+ with respect
to the symmetric pairing. A generalized metric is equivalent to the existence of a vector bundle
isomorphism
G : E → E , (2.13)
whose eigenspaces are V± and such that G2 = I, Gt = G. The subbundle V+ can be obtained from
G as follows:
V+ = Ker(G− I) . (2.14)
Now, there is an important difference between the indefinite-signature case (p, q) and the Rieman-
nian case studied in [7]. In the Riemannian case we automatically have that V+ ∩ pi∗(T ∗M) = {0}
for any generalized metric V+. This fact is key in order to relate generalized metrics to a standard
metric inM and a splitting of E. For Supergravity applications it is important to keep this relation
in the indefinite-signature case, and therefore we define:
Definition 2.5. A generalized metric V+ on an exact Courant algebroid (E, 〈·, ·〉, [·, ·], pi) is said to
be admissible if
V+ ∩ pi∗(T ∗M) = {0} . (2.15)
When equation (2.15) holds, the restriction of the anchor map pi+ : V+ → TM is an isomorphism,
which precisely induces a metric of signature (p, q) on M as follows:
g(v1, v2) = 〈pi−1+ (v1), pi−1+ (v2)〉 . (2.16)
For admissible metrics we can prove the following.
Proposition 2.6. An admissible metric V+ on an exact Courant algebroid (E, 〈·, ·〉, [·, ·], pi) is equiv-
alent to a pair (g, s), where g is a metric on TM and s : TM → E is an isotropic splitting such
that
V+ =
{
s(v) +
1
2
pi∗g(v) | v ∈ TM
}
(2.17)
Proof. Define an splitting s : TM → E by s(v) = pi−1+ (v)− 12pi∗g(v). Then, by definition of pi∗ and
g, we have
〈s(v), s(w)〉 = g(v, w)− 1
2
(g(v, w) + g(w, v)) = 0,
and hence s is isotropic. Now, for an arbitrary element e+ ∈ V+ we have
e+ = pi
−1
+ v = s(v) +
1
2
pi∗g(v),
where v = pie+, as claimed. The converse follows by a direct check using formula 2.17.
We note that using the isomorphism s+ 12pi
∗ : TM ⊕T ∗M → E given by the splitting provided
by a generalized metric, the transported subbundle V+ ⊂ TM ⊕T ∗M has a very simple description
V+ = {v + g(v) | v ∈ TM} .
Fixing the isomorphism and moving the splitting by a b-field transformation, for b ∈ Ω2(M), we
obtain the familiar description of generalized metrics in terms of pairs (g, b)
ebV+ = {v + b(v) + g(v) | v ∈ TM} ⊂ E. (2.18)
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For this generalized metric, the endomorphism G : TM → TM can be explicitely written as
G = eb
(
0 g−1
g 0
)
e−b =
( −g−1b g−1
g − bg−1b bg−1
)
. (2.19)
An admissible metric V+ on an exact Courant algebroid (E, 〈·, ·〉, [·, ·], pi) determines, via the asso-
ciated splitting, a closed three-form H on M such that the bracket in the splitting E ' TM ⊕T ∗M
provided by V+ is given by 2.5.
Definition 2.7. Given an admissible generalized metric, we define its three-form curvature as the
closed three-form H determined by the associated splitting.
We note that regarding H as a curvature for the generalized metric, the closed property
dH = 0
is naturally interpreted as a Bianchi identity.
We finish this section with an example of a generalized Lorentz metric in two-dimensions, which
fails to be admissible on a prescribed locus. As we will see, non-admissible metrics have a close
relation with paracomplex structures on the manifold.
Example 2.8. Consider the flat Lorentz metric on R2
g1,1 = dx
u ⊗ dxv + dxv ⊗ dxu,
and the skew-orthogonal paracomplex structure on R2, that is A : TR2 → TR2 satisfying
A2 = ITR2 , g1,1(A·, ·) + g1,1(·, A·) = 0,
given by
A =
(
1 0
0 −1
)
in coordinates (xu, xv). For a non-negative function f ≥ 0 on R2, the expression
Gf =
(
A fg−11,1
0 A∗
)
, (2.20)
defines a smooth generalized metric of signature (1, 1) on TR2 ⊕ T ∗R2 which fails to be admissible
in the whole of R2. Note that, in the locus f 6= 0 the metric Gf is, nevertheless, admissible: we can
define bf = − 1f g1,1A and hence
Gf = e
bf
(
0 fg−11,1
f−1g1,1 0
)
e−bf . (2.21)
By the previous expression, the smooth non-admissible metric Gf on R2 is B-field related to the
classical, possibly singular, metric 1f g1,1.
3 Torsion-free generalized connections and its curvature
In this section we are going to consider generalized connections on Courant algebroids, as introduced
by Gualtieri in [33]. Given a generalized metric, we will introduce a canonical notion of Levi-
Civita connection following [6, 9] and the relevant curvature quantitites for the analysis of N = 1
Supergravity.
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3.1 The canonical Levi-Civita connection
A generalized connection D on E is a first order differential operator:
D : Γ(E)→ Γ(E∗ ⊗ E) , (3.1)
which satisfies the Leibniz rule De1(fe2) = fDe1e2+pi(e1)(f)e2, for e1, e2 ∈ Γ(E) and f ∈ C∞(M).
In the case of exact Courant algebroids, a generalized connection can be seen as a consistent way of
taking derivatives with respect to tangent and cotangent directions, for sections of the generalized
tangent bundle.
For Supergravity applications, we will endow the Courant algebroid (E, 〈·, ·〉, [·, ·], pi) with a
generalized metric G and we will only consider connections compatible with the symmetric pairing
on E, that is, satisfying:
pi(e1)(〈e2, e3〉) = 〈De1e2, e3〉+ 〈e2, De1e3〉 , (3.2)
as well as compatible with the generalized metric G, namely:
D(Ge) = G(De), e ∈ Γ(E) . (3.3)
We will refer to this kind of connections simply as generalized metric connections. Given a standard
connection∇ : Γ(E)→ Γ(T ∗M⊗E) compatible with the symmetric pairing 〈·, ·〉 and the generalized
metric G we can construct a generalized metric connection simply by setting:
D′es = ∇pi(e)s , s, e ∈ Γ(E) . (3.4)
Any other generalized connection can be written in terms of D′ by means of an element
χ ∈ Γ (E∗ ⊗ (o(V+)⊕ o(V−))) , (3.5)
as follows:
D = D′ + χ , (3.6)
Therefore, the space of metric compatible connections on E is an affine space modelled on the vector
space Γ (E∗ ⊗ (o(V+)⊕ o(V−))).
In reference [33] a natural notion of connection on a Courant algebroid, the Gualtieri–Bismut
connection, was introduced in order to characterize generalized Kähler geometry. For Supergravity
applications, the relevant generalized connection is in fact an analogue of the Levi-Civita connection
— obtained from the Gualtieri–Bismut connection by killing the torsion — introduced in a more
general setup in [6, 9]. We will review now its construction focusing on the case of exact Courant
algebroids, which is the relevant scenario for six-dimensional, pure, N = 1 Supergravity.
To any given admissible metric V+, we can associate an endomorphism of the vector bundle E
such that C(V+) = V− and C(V−) = V+, defined by:
C = pi−1|V− ◦ pi ◦Π+ + pi
−1
|V+ ◦ pi ◦Π− , (3.7)
where
Π± =
1
2
(I±G) : E → V± , (3.8)
denote the orthogonal projections. A generalized metric G defines a canonical splitting given by
the G-orthogonal complement of V+. Using the canonical splitting provided by V+
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E ' TM ⊕ T ∗M , (3.9)
we have
V+ = {v + g(v) : v ∈ TM} , (3.10)
and then we can explicitly write
C(v + gv) = v − gv and C(u− gu) = u+ gu , u, v ∈ TM . (3.11)
Definition 3.1 ([33]). The Gualtieri–Bismut connection DB = DB(V+) of V+ on E is defined
by:
DBe1e2 = [e1−, e2+]+ + [e1+, e2−]− + [Ce1−, e2−]− + [Ce1+, e2+]+ , (3.12)
where ei± = Π±ei, i = 1, 2.
The generalized torsion (see [33]) of a connection D on E is the totally skew tensor TD ∈ Λ3E∗
defined by
TD(a, b, c) = 〈Dab−Dba− [[a, b]], c〉+ 1
2
(〈Dca, b〉 − 〈Dcb, a〉) . (3.13)
A generalized connection with vanishing torsion will be refered as a generalized torsion-free con-
nection. By analogy with Hermitian geometry, in [6] the first author jointly with Rubio and Tipler,
introduced the following notion of Levi-Civita connection associated to a generalized metric.
Definition 3.2 ([6, 9]). The canonical Levi-Civita connection of V+ is defined by
DLC = DB − 1
3
TDB , (3.14)
where we identify the torsion TDB with the element 〈·, ·〉−1TDB ∈ E ⊗ Λ2E∗.
By construction, DLC is a natural object on E, that is, given an automorphism ϕ : E → E and a
generalized metric V+, we have
ϕ∗(DLC(V+)) = DLC(ϕ(V+)) . (3.15)
As it was done in [9], we can now modify DLC by elements in E∗, while preserving the torsion-free
property: hence, torsion-free, metric connections are not unique. However, DLC is, among all the
torsion-free generalized metric connections, a canonical, natural, choice.
Let us fix a generalized metric V+ on E and consider the associated splitting (3.9). In this
splitting, the generalized metric takes the form
V+ = {X + g(X) : X ∈ TM} , V− = {X − g(X) : X ∈ TM} , (3.16)
and the induced three-form H is closed
dH = 0 . (3.17)
Since they will naturally appear in a moment, let us define now the following connections on TM
with skew torsion, compatible with the metric g, given by
∇± = ∇g ± 1
2
g−1H , ∇±1/3 = ∇g ± 1
6
g−1H , (3.18)
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where ∇g denotes the Levi-Civita connection of the metric g on M . Setting:
a+ = v + gv ,
b− = u− gu ,
c+ = w + gw ,
d− = x− gx ,
(3.19)
where v, y, w, x ∈ TM , we have
DBa+c+ = 2Π+
(∇+v w) ,
DBb−c+ = 2Π+
(∇+uw) ,
DBa+b− = 2Π−
(∇−v u) ,
DBb−d− = 2Π−
(∇−u x) .
(3.20)
In reference [33], Gualtieri gave a formula for the torsion of the generalized connection DB . We
provide an alternative derivation of Gualtieri’s formula, using the explicit method in [9]. Consider
the auxiliar covariant derivative:
D′ = ∇g ⊕∇g∗ , (3.21)
on E, compatible with V+. Define:
χ′e = −〈·, ·〉−1TD′ =
(
0 0
iXH 0
)
∈ o(E) , (3.22)
for e = X + ξ. Then, we have:
DB = D′ + (χ′)+++ + (χ′)−−− + (χ′)+−+ + (χ′)−+− . (3.23)
With the previous formula, a direct calculation using [9, Lemma 3.5] lead us to the following
expression for the torsion: the torsion TDB is the element of Λ3V ∗+ ⊕ Λ3V ∗− given by
TDB = pi
∗
|V+H + pi
∗
|V−H . (3.24)
More explicitely, taking a+, c+ as in (3.19) and b+ = Y + gY , we obtain the formula
T+
DB
(a+, b+, c+) = H(v, u, w) , (3.25)
for TDB = T+DB + T
−
DB
the natural decomposition. Similarly, setting a− = X − gX we have
T−
DB
(a−, b−, d−) = H(v, u, x) . (3.26)
We write now an explicit formula for the Levi-Civita connection of V+. We have:
〈·, ·〉−1TDB = 2(χ′)+++ + 2(χ′)−−− , (3.27)
and therefore:
DLC = DB − 2
3
(χ′)+++ − 2
3
(χ′)−−−
= D′ +
1
3
(χ′)+++ +
1
3
(χ′)−−− + (χ′)+−+ + (χ′)−+− .
(3.28)
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Hence, we conclude that:
DLCa+ c+ = 2Π+
(
∇1/3v w
)
,
DLCb− c+ = 2Π+
(∇+uw) ,
DLCa+ b− = 2Π−
(∇−v u) ,
DLCb− d− = 2Π−
(
∇−1/3u x
)
.
(3.29)
Remark 3.3. Note that the connection DLC equals the torsion-free connection D0 constructed in
[9], specialized to an exact Courant algebroid.
3.2 Generalized curvature
In this section we provide formulae for the generalized curvature, generalized Ricci tensor and
generalized scalar curvature of an admissible metric on the exact Courant algebroid E, with respect
to the canonical Levi-Civita connection DLC .
The generalized curvature of a generalized connection D was defined by Gualtieri in [33] as
follows:
GR(e1, e2) = De1De2 −De2De1 −D[[e1,e2]] ∈ o(E) , (3.30)
for e1, e2 ∈ C∞(E). This quantity becomes tensorial when evaluated on a pair of orthogonal
sections. In particular, given a generalized metric
E = V+ ⊕ V− , (3.31)
we obtain a tensor by restriction
GR ∈ V ∗+ ⊗ V ∗− ⊗ o(E) . (3.32)
Let us fix an admissible metric V+ ⊂ E, with corresponding standard metric g and consider the
torsion free, compatible, generalized connection DLC . We recall the explicit calculation of its
curvature from [9]
GR(a+, b−)c+ ∈ V+, (3.33)
for a+, c+ ∈ V+, and b− ∈ V−. Using the splitting E ∼= T ⊕ T ∗ provided by V+ we obtain:
DLCa+ D
LC
b− c+ = 2Π+
(
∇1/3v ∇+uw
)
, (3.34)
DLCb− D
LC
a+ c+ = 2Π+
(
∇+u∇1/3v w
)
. (3.35)
Using the equality
[[a+, b−]] = [v, u]− g(∇gvu+∇guv, ·) +H(v, u, ·) , (3.36)
we also obtain:
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DLC[[a+,b−]]c+ = 2Π+
(
∇g[v,u]w
)
+
1
3
χ+++[[a+,b−]]c+ + χ
+−+
[[a+,b−]]
c+
= 2Π+
(
∇g[v,u]w +
1
6
g−1H(2[v, u] +∇gvu+∇guv, w, ·)
− 1
6
g−1H(g−1H(v, u, ·), w, ·)
)
+∇gvu+∇guv − g−1H(v, u, ·) .
Finally, the identity:
(∇gXH)(u,w, ·) = ∇gX(H(u,w, ·))−H(∇gvu,w, ·)−H(u,∇gw, ·) , (3.37)
lead us to the following expression for the curvature:
Lemma 3.4 ([9]).
GR(a+, b−)c+ = 2Π+
(
Rg(v, u)w + g−1
(
1
2
(∇gvH)(u,w, ·)−
1
6
(∇guH)(v, w, ·)
+
1
12
H(v, g−1H(u,w, ·), ·)− 1
12
H(u, g−1H(v, w, ·), ·)
− 1
6
H(w, g−1H(v, u, ·), ·)
)) (3.38)
As noticed first by Gualtieri and Hitchin, there is a natural Ricci tensor associated to any
generalized metric connection
GR ∈ V ∗− ⊗ V ∗+. (3.39)
In particular, attached to any admissible metric G there is a natural Ricci tensor [9, Sec. 4.2],
defined via the the canonical Levi-Civita connection DLC . Acting on b−, c+, this is defined as the
trace of the endomorphism:
a+ → GR(a+, b−)c+. (3.40)
To provide a formula for GR, define the tensor:
H ◦H(u,w) ≡
n∑
j=1
g(H(ej , u, ·), H(ej , w, ·)) , (3.41)
where {ej}nj=1 is an orthonormal basis for g. Notice that, in coordinates,
(H ◦H)ij = HiklHklj . (3.42)
Using H ◦H, we can now write the Ricci tensor of the connection ∇+ as
Ric+ = Ricg − 1
4
H ◦H − 1
2
d∗H , (3.43)
where Ricg denotes the Ricci tensor of g. Recall that the adjoint of the exterior differential of a
k-form β can be calculated as
d∗β = −
n∑
j=1
iej (∇g∗ej β) (3.44)
Then, as a straightforward consequence of Lemma 3.4, we obtain the desired expression for the
generalized Ricci tensor.
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Proposition 3.5 ([9]).
GR(b−, c+) = Ric+(u,w) . (3.45)
The very definition of the generalized Ricci tensor, as an element
GR ∈ V ∗− ⊗ V ∗+ , (3.46)
implies that there is no natural scalar quantity associated to it. To circumvent this problem in a
different context, it was proposed in [8] to associate a generalized scalar curvature:
GS ∈ C∞(M) , (3.47)
using ‘squares of Dirac operators’ naturally associated to a torsion-free generalized connection. In
our setup, this is done as follows: by compatibility with G, DLC induces differential operators:
DLC± : V+ → V+ ⊗ V ∗± . (3.48)
Assuming the spin condition w2(TM) = 0 for the manifold M , there exist spinor bundles S(V±) =
S+(V±)⊕ S−(V±). From DLC+ and DLC− we get differential operators on spinors:
DS± : S+(V+)→ S+(V+)⊗ V ∗± , (3.49)
and the associated Dirac operator:
/D
S
+ : S+(V+)→ S−(V+) . (3.50)
The generalized scalar curvature GS associated to DLC is obtained from a Lichnerowicz-type equa-
tion that compares the Dirac operator squared (3.50) with the rough Laplacian of DS− in (3.49):(
/D
S
+
)2
 =
((
DS−
)∗
DS− +GS
)
 ,  ∈ S+(V+) . (3.51)
Using Bismut’s original Lichnerowicz-type formula for connections with skew torsion [39] (see also
[40, 41]), combined with the explicit formulae 3.29, it follows that:
4GS = Sg − 1
2
|H|2, (3.52)
where Sg is the scalar curvature of the standard Levi-Civita connection on TM and the scalar |H|2
is the norm square of H with respect to the Lorentzian metric g
|H|2 = 1
6
HijkH
ijk.
We shall stress that, in generalized geometry, the curvature quantities GRic and GS are inde-
pendent, that is, GS cannot be obtained from GRic by taking any natural trace.
4 Generalized metrics and pure N = 1 six-dimensional Supergravity
In this section we describe the main result of this paper, namely, the geometrization of pure N = 1
six-dimensional Supergravity using generalized geometry.
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4.1 Pure N = 1 six-dimensional Supergravity
Le (M, g) be a six-dimensional oriented spin Lorentzian manifold. The frame bundle of M admits
a reduction to SO(1, 5), which then admits a lift to Spin(1, 5) since the manifold is spin. Let ∆+
denote the positive-chirality spinor representation of Spin(1, 5), which in our conventions is a two-
dimensional quaternionic representation, or equivalently, a four-dimensional complex representation
with an invariant quaternionic structure1.
Similarly, let s1 be the fundamental representation of the R-symmetry group of N = 1 Super-
gravity, which is isomorphic to Sp(1). Hence, s1 is a two-dimensional complex representation with
an invariant quaternionic structure j : s1 → s1.
The tensor product ∆+ ⊗ s1 of these two representations is an eight-dimensional complex
representation with an invariant conjugation c given by c = J ⊗ j, and therefore it is a complex
representation of real type. In other words, it is the complexification of a real representation ∆R+,
which hence satisfies:
∆+ ⊗C s1 ' ∆R+ ⊗R C . (4.1)
The real representation ∆R+ is the eight-dimensional symplectic real subspace of ∆+⊗Cs1 fixed under
the conjugation c, and it is precisely the relevant spinorial representation for the six-dimensional
N = 1 Supergravity theory. We will denote by S+ the spinor bundle on M associated to this
representation, namely:
S+ ⊗C S1 ' S+ ⊗R C . (4.2)
where S+ is the positive-chirality spinor bundle over M and S1 is the vector bundle associated to a
choice of Sp(1)-principal bundle over M that corresponds to the R-symmetry group of the theory.
For pure N = 1 six-dimensional Supergravity S1 is trivial, endowed with the trivial connection.
After this brief detour, based on the exposition presented in [42, 43], we are ready to introduce
the matter content of six-dimensional pure N = 1 Supergravity. This is given by a Lorentzian
metric g, a self-dual closed three-form H ∈ Ω3(M) and the gravitino or Rarita-Schwinger field
Ψ ∈ Γ(S+ ⊗ T ∗M). Due to the fact that H is self-dual
H− =
1
2
(H − ∗H) = 0 , (4.3)
there is no standard action for the theory [44]. The theory is thus defined through the equations of
motion, which are given by [45]:
Ricg =
1
4
H ◦H , d ∗H = 0 , H− = 0, (4.4)
where
(H ◦H)ij = HiklH klj .
In addition to the equations of motion, the supersymmetry variation of the gravitino
∇v+ 1
2
ιvH ·  , v ∈ X(M),  ∈ Γ(S+), (4.5)
defines a connection on the spinor bundle S+, where ∇ is the spin connection on S+ induced by
the Levi-Civita connection and · denotes the Clifford action of forms on spinors. This connection
is induced by the metric compatible spin connection ∇+ with fully antisymmetric torsion H
∇+ = ∇+ 1
2
g−1H, (4.6)
1A quaternionic structure on a complex vector space V is complex antilinear map J : V → V such that J2 = −1.
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where (g−1H) lij = H lij is a section of T ∗M ⊗ so(1, 5). Using ∇+, the condition for having a
supersymmetric background can be written simply as
∇+ = 0.
Here, so(1, 5) denotes the bundle of skew-symmetric endomorphisms of TM with respect to the
metric g.
4.2 SO(1, 5)× SO(5, 1)-metrics and self-duality
In Euclidean gravity, an oriented Riemannian manifold satisfying the Einstein vacuum equations,
typically assumed to be locally asymptotically flat, is said to be a gravitational instanton. An
important class of gravitational instantons are self-dual instantons in four dimensions [46]: those
whose curvature tensor R, thought of as a bundle-valued 2-form, satisfies R = ∗R where ∗ denotes
the Hodge star operator. More generally, one can relax this condition and ask for the Weyl curvature
to be self-dual, leading to the well-studied notion of self-dual metric. Gravitational instantons and
self-dual metrics are analogues in Euclidean gravity of instantons and self-dual gauge fields in Yang-
Mills theories. In Lorentzian signature, which is the case of interest for this letter, the analogue
concept is the so-called gravitational monopole.
In this context, it is natural to extend the notion of self-dual gravitational instanton or gravi-
tational monopole to the realm of generalized geometry, by finding appropriate notions of self-dual
metric. We present now a proposal for such a notion for the specific case of an exact Courant
algebroid over a six-dimensional manifold M endowed with an admissible Lorentzian generalized
metric. We will see in Section 4.3 how it naturally appears in the geometrization of pure N = 1
Supergravity.
Let M be an oriented six-dimensional manifold. Let G be a generalized metric on an exact
Courant algebroid E over M of signature (1, 5) or, equivalently, an SO(1, 5) × SO(5, 1)-reduction
of the bundle of SO(6, 6)-frames of E. Assuming further that G is admissible, the induced splitting
E ∼= TM ⊕ T ∗M provides a canonical isomorphism of the SO(6, 6)-spinor bundle2 S6,6 of E with
the bundle of forms:
S6,6 ' Λ∗T ∗M . (4.7)
Using the orientation on M , following [47, 48], one can define a generalized Hodge star operator on
Λ∗T ∗M : Since V+ = Ker(G − I) is isomorphic to TM , the orientation on M induces one on V+.
Then we let {e1, . . . , e6} be a positive orthogonal basis of V+, such that |ej | = ±1, let
? = −e6 . . . e1 ∈ Cl(TM ⊕ T ∗M)
— the Clifford bundle — and define the (generalized) Hodge star as the Clifford action of ? on
spinors:
? : Λ∗T ∗M → Λ∗T ∗M.
Notice that ?2 = 1, so ? decomposes the space of forms into its ±1-eigenspaces.
Definition 4.1. We say that a SO(6, 6)-spinor α ∈ Λ∗T ∗M is (anti)self-dual with respect to the
admisible SO(1, 5)× SO(5, 1)-metric G if ?α = (−)α.
In the metric splitting, the genereralized Hodge star agrees with its classical counterpart ∗, up
to signs: if α has degree j, we have
?α = (−1) (6−j)(5−j)2 +1 ∗ α.
2Notice that the spinor bundle S6,6 always exists, even when M is not a spin manifold.
– 15 –
In particular, for a three-form H ∈ Ω3(M), regarded as an SO(6, 6)-spinor in the metric splitting,
we have ?H = ∗H.
Definition 4.2. We say that the admissible SO(1, 5)×SO(5, 1)-metric G is self-dual if the induced
curvature three-form H ∈ Ω3(M), regarded as an SO(6, 6)-spinor, is self-dual, that is, ?H = H.
Although not completely obvious, self-duality for G is natural in generalized geometry, that is,
is invariant under generalized diffeomorphisms. To check this, let B ∈ Ω2(M) be a closed B-field,
inducing an automorphisms eB of TM ⊕ T ∗M (preserving the bracket and the product)
eB : u+ ξ → u+ ιuB + ξ.
The transformation eB on V+ leaves the three-form curvature H invariant, as it preserves the
bracket, but induces a non trivial action on spinors
α→ eB ∧ α = (1 +B ∧B/2 +B ∧B ∧B/6) ∧ α.
Therefore, regarded as a SO(6, 6)-spinor, H transforms as
H → eB ∧H.
Finally, we note that the generalized Hodge star associated to
eBV+ = {v + ιvB + g(v)|v ∈ TM}
is
eB ? e−B ,
which proves our claim.
Remark 4.3. We expect that other interesting notions of generalized self-dual metric can be intro-
duced in different dimensions for appropriate signature.
By analogy with the standard nomenclature in physics, we define a generalized self-dual gravi-
tational monopole as follows.
Definition 4.4. Let (E,G) be an exact Courant algebroid E →M over a six-dimensional manifold
M equipped with an admissible generalized metric G of signature (1, 5). We will say that (E,G) is
a gravitational monopole if G satisfies the generalized vacuum Einstein equations:
GR = 0 , GS = 0 . (4.8)
In addition, will say that (E,G) is a self-dual gravitational monopole if (E,G) is a gravitational
monopole with self-dual generalized metric.
We will see in Section 4.3 that the solutions of six-dimensional pure, N = 1 Supergravity are
indeed generalized self-dual gravitational monopoles. We recall that, in generalized geometry, the
curvature quantities GRic and GS are independent, that is, GS cannot be obtained from GRic by
taking any sensible trace. Nevertheless, for self-dual gravitational monopoles the condition GS = 0
is redundant.
Proposition 4.5. On an exact Courant algebroid, a Ricci flat generalized metric of signature (1, 5)
which is self-dual satisfies the generalized vacuum Einstein equations.
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Proof. From Proposition 3.5 and (3.52) and the definition of self-duality, by hypothesis the gener-
alized metric G satisfies
Ricg =
1
4
H ◦H, d ∗H = 0, H− = 0
for the Lorentzian metric g and the closed three-form H defined by G (see Proposition 2.6). Taking
trace in the first equation we obtain
Sg − 1
4
|H|2 = 0,
and using the self-duality condition
|H|2volg = H ∧ ∗H = H ∧H = 0,
it follows that GS = 0.
4.3 The generalized-geometry description of six-dimensional N = 1 pure Supergravity
In this section we will obtain the equations of motion (4.4) of six-dimensional N = 1 pure Su-
pergravity as the vanishing of the generalized Ricci tensor and scalar curvature of an admissible
self-dual generalized metric.
Consider an exact Courant algebroid (E, 〈·, ·〉, [·, ·], pi) over a six-dimensional oriented spin man-
ifold M . We note that E is determined up to isomorphism by the choice of a class τ ∈ H3(M,R),
which amounts to fix the class of the closed Supergravity three-form.
Theorem 4.6. A solution (g,H) of the equations of motion (4.4) of pure N = 1 six-dimensional
Supergravity with [H] = τ is equivalent to a self-dual generalized SO(1, 5) × SO(5, 1)-metric on E
satisfying the generalized vacuum Einstein equations:
GRic = 0 , GS = 0 . (4.9)
Proof. From Proposition 3.5 and (3.52), we deduce that the system (4.9) is equivalent to:
Ricg =
1
4
H ◦H, d ∗H = 0, Sg − 1
2
|H|2 = 0,
for the Lorentzian metric g and the closed three-form H defined by the generalized metric G on E
(see Proposition 2.6). Note that the first and third equation are equivalent to
Ricg =
1
4
H ◦H, |H|2volg = H ∧ ∗H = 0
Now, the self-duality condition on G implies H = ∗H (this condition being stronger than |H|2 = 0)
and hence (g,H) is a solution of (4.4) with [H] = τ . The converse follows easily from Proposition
4.5.
The supersymmetry variations of six-dimensional pure, N = 1 Supergravity can be also ge-
ometrized using the canonical Levi-Civita connection DLC . For this, given an admissible general-
ized metric of signature (1, 5), we identify the positive chirality spinor bundle S+ for the induced
Lorentz metric g on M , with
S+ ∼= S+(V+).
Then, the supersymmetry variations can be written using the operator induced by
D− : S+(V+)→ S+(V+)⊗ V ∗−
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on S+ simply as
D− = 0.
Theorem 4.6 implies that the solutions of six-dimensional pure, N = 1 Supergravity can be
naturally regarded as gravitational monopoles in generalized geometry. A generalized gravitational
monopole, where we drop the self-dual assumption, satisfies the weaker system:
Ricg =
1
4
H ◦H, d ∗H = 0, |H|2 = 0.
Therefore, the generalized vacuum Einstein equations provide a relaxed, geometric condition, for
the Lorentzian metric g and the three-form H. To understand the last equation
|H|2 = 0 , (4.10)
we note that | · |2 is a metric, induced by g, of split signature (10, 10) on Λ3T ∗M and therefore
maximal vector spaces solving (4.10) correspond to Lagrangian subbundles L ⊂ Λ3T ∗M . Given a
Lagrangian L, one can find a solution of (4.10) by prescribing a section of L. In particular, the
space of (anti)self-dual three-forms L+ provides a natural, canonical, choice of Lagrangian subspace
which indeed correspond to the Supergravity case. According to [49, III. 1.9.] (see also [7, Prop.
1.15]), a general Lagrangian can always be determined in terms of SO(10, 10)-spinors at any point
as follows: it is given by a choice of k self-dual 3-forms θ1, . . . , θk ∈ L+, with 0 ≤ k ≤ 10, and an
element
τ ∈ Λ2L+.
The Lagrangian determined by these data is then given by
L = {h ∈ Λ3T ∗ : eτ ∧ θ1 ∧ . . . ∧ θk · h = 0},
where · denotes Clifford multiplication and ∧ denotes the wedge product on the exterior algebra
of L+. For a non-self dual three-form, satisfying the null condition (4.10), the pair of three-forms
{H, ∗H} span an isotropic subspace (contained in a maximal Lagrangian subspace) inside Λ3T ∗M ,
which cuts non-trivially the Lagrangian of (anti)self-dual three-forms. It would be interesting to
study further what are the theories that correspond to the relaxed geometric condition (4.9), for a
non-self dual metric, and if they admit some sort of supersymmetrization. At this respect, we note
that choosing self-dual or anti self-dual three-forms is a matter of convention in the corresponding
pure, N = 1 Supergravity theory, and condition |H|2 = 0 is compatible with either choice.
The geometric condition (4.9) can be obtained or motivated in generalized geometry from a
different point of view, namely by coupling six-dimensional N = 1 pure Supergravity to a tensor
multiplet (eφ, H−, ψ), where eφ is the six-dimensional dilaton, H− is a closed anti-self-dual three-
form and ψ is a suitable spinor. The anti-self-dual three-form H− of the tensor multiplet can be
combined with the self-dual three-form H+ of the gravitational multiplet (g,H+, ) as to obtain
a closed three-form H, subject to no constraints. In terms of (g,H, eφ) the theory is formally
equal to the NS-NS sector of Type-II Supergravity, the only difference being that we are here in
six-dimensions. Then the geometrization of six-dimensional pure, N = 1 Supergravity coupled to
a tensor multiplet can be performed by means of an exact Courant algebroid along the very same
lines of Section 5.1 of reference [9]. The corresponding Lagrangian is then:
L =
∫
M
volge
φSG(Dφ) , (4.11)
which implies the equations of motion:
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GRic(Dφ) = 0, GS(Dφ) = 0 . (4.12)
Here, Dφ is canonical choice of torsion-free metric connection, obtained from DLC by adding a
Weyl term determined by dφ. For constant dilaton, Dφ = DLC and the equations of motion are
are simply given by
GRic = 0, GS = 0 , (4.13)
which recovers the relaxed condition proposed for pure Supergravity (dropping the self-duality
assumption).
5 Supersymmetric solutions and generalized metrics
In this section we analyze the generalized metric corresponding to a specific supersymmetric, singu-
lar, solution of six-dimensional pure N = 1 Supergravity: the self-dual string. This is a particular
example of a special class of solutions, dubbed in reference [23] as u-independent non-twisting.
5.1 General supersymmetric solutions
The general characterization of the supersymmetric solutions of pure N = 1 six-dimensional Su-
pergravity was obtained in reference [23] using spinorial techniques pioneered in reference [50] by
K. P. Tod. Let us briefly review the procedure as to obtain the particular solution that we will
consider in this letter. The space-time M of a bosonic supersymmetric solution is assumed to be
equipped with a globally defined and nowhere vanishing  ∈ Γ (S+) generating the supersymmetry
transformation and satisfying the Killing spinor equation:
∇+ = 0 . (5.1)
The presence of such spinor implies for starters a reduction of the spin bundle from Spin(1, 5) to
SU(2)nR4 [51]. Let us denote by (M, g,H) a supersymmetric bosonic solution admitting at least
one Killing spinor. Then M is equipped with a globally defined vector field v and a triplet of
two-forms Ii, i = 1, 2, 3, such that
Lvg = 0 , LvH = 0 , v ∧ LvIi = 0 , (5.2)
and
Ii Ij = ijk Ik − δij , i, j, k = 1, 2, 3. (5.3)
Therefore v leaves invariant the solution and the triplet Ii, i = 1, 2, 3, satisfies the algebra of the
imaginary unit quaternions.
Remark 5.1. Usually, supersymmetric solutions of a given Supergravity are classified in two dif-
ferent classes, time-like or null, according to the norm of v. In the case of six-dimensional N = 1
pure Supergravity v is always null.
Let (M, g,H) be a u-independent non-twisting bosonic supersymmetric solution, as defined in
[23]. By definition, this class of solutions satisfy:
v[ ∧ dv[ = 0 , (5.4)
or, in other words, the codimension-one distribution orthogonal to v is integrable. Then, it is shown
in [23] that one can find local coordinates (xu, xv, xm), m = 1, . . . , 4 in an open set U ⊂ M such
that the metric and the three-form H are given by
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g =
1
h
(dxu ⊗ dxv + dxv ⊗ dxu)− h g4mndxm ⊗ dxn ,
H = ∗4d4h− 1
h2
dxu ∧ dxv ∧ d4h . (5.5)
Here g4 = g4mndxm ⊗ dxn denotes a Riemannian metric on a four-dimensional manifold B, the
so-called (local) base space of the solution, and h ∈ C∞(U) is a function satisfying
∆4h = 0 , ∂xuh = ∂xvh = 0 . (5.6)
In addition, we have that:
J i = h−1Ii , d4(g4J i) = 0 , (5.7)
and hence (B, g4, J i), i = 1, 2, 3, is a four-dimensional hyper-Kähler manifold. We stress the fact
that, given such a solution, the hyper-Kähler manifold B may be defined only locally.
5.2 The self-dual D1-D5 string
By the previous discussion, in order to find a u-independent non-twisted supersymmetric solution
it suffices to specify
• A four-dimensional hyper-Kahler manifold (B, g4, J i), i = 1, 2, 3.
• A harmonic positive function h in (B, g4).
The solution is then given by R2×B, with metric given by substituting g4 and h in equation (5.5).
A particular solution is always given by to taking h = 1 in any hyper-Kähler manifold.
In this section we choose the simplest Hyper-Kähler manifold, namely we will assume that B
is isometric to an open subset of R4 equipped with the euclidean flat metric. With this choice, we
obtain the self-dual static string solution, whose maximally analitic extension is described in [23].
The harmonic function h is then locally given by:
h = a+
b
ρ2
, ρ2 = |x|2 , (5.8)
where a and b are real constants. For simplicity we will normalize h as follows:
h = 1± 1
ρ2
, (5.9)
where the sign ± can be chose at will. From the String Theory point of view, this solution corre-
sponds to a D1-D5 system with constant dilaton and equal D1-D5 harmonic function, which is the
harmonic function we denote by h. Depending on the sign, we have two possibilities, namely, the
black string solution and the string solution with a naked singularity:
• The black string: in this case the string-like singularity is covered by a horizon. In a local
patch that covers the region from the horizon of the string to the asymptotically flat infinity,
using isotropic coordinates (t, ρ, xm) the base space is
Bout = {x ∈ R4 : ρ(x) > 0}
and we can write the solution as follows:
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g =
1
h
(dxu ⊗ dxv + dxv ⊗ dxu)− h δmndxm ⊗ dxn , h = 1 + 1
ρ2
,
H = ∗4d4h− 1
h2
dxu ∧ dxv ∧ d4h . (5.10)
The horizon lies at ρ → 0+ whereas the asymptotic infinity is at ρ → ∞. On the other
hand, the interior solution, namely the solution written in a local patch that covers from the
singularity to the horizon has base space
Bin = {x ∈ R4 : 0 < ρ(x) < 1}
and can be written as follows:
g =
1
h
(dxu ⊗ dxv + dxv ⊗ dxu)− h δmndxm ⊗ dxn , h = 1− 1
ρ2
,
H = ∗4d4h− 1
h2
dxu ∧ dxv ∧ d4h . (5.11)
Note that (5.11) is the exact same expression as (5.10), for a different choice of harmonic
function h. The horizon lies again at ρ → 0+ whereas the singularity is at ρ → 1−. There
exist also smooth coordinates in a neighborhood of the horizon as proven in [23] (therefore,
the metric extends smoothly to the horizon, which is not a singular hypersurface). Notice
that there is a change of signature for the metric, from signature (1, 5) outside the horizon to
signature (5, 1) inside the horizon, as it is standard for this type of solutions.
• The naked string: the naked string does not have a horizon and can be globally written as
(5.11) with base space
Bnk = {x ∈ R4 : ρ(x) > 1}.
The singularity is at ρ→ 1+ and the asymptotic infinity is at ρ→∞. Since there is no horizon
there is no change in the signature of the metric, which remains everywhere of signature (1, 5).
We analyze now the generalized metric correponding to the interior region of the black string.
By constructing a exact Courant algebroid over the singularity, we will show that, as a generalized
metric, the black string solution admits a smooth degenerate transition to the naked string. We
construct a exact Courant algebroid E over
R2 × (R4\{0})
as follows: on Uin = R2 × Bin it is given by the H-twisted exact Courant algebroid TUin ⊕ T ∗Uin
with twisting three-form
Hin = ∗4d4h− 1
h2
dxu ∧ dxv ∧ d4h, h = 1− 1
ρ2
Similarly, on Unk = R2 × Bnk it is given by the H-twisted exact Courant algebroid TUnk ⊕ T ∗Unk
with twisting three-form Hnk given by the same expression. Let V ⊂ R2 × (R4\{0}) be a small
neighborhood of the singularity
R2 × S3 ⊂ R2 × (R4\{0}).
Over V we consider the H-twisted exact Courant algebroid TV ⊕ T ∗V with twisting three-form
HV = ∗4d4h.
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The three local Courant algebroids glue over the intersetions V ∩ Uin and V ∩ Unk, providing a
well-defined exact Courant algebroid over R2 × (R4\{0}). Explicitely, the gluing is provided by
v + ξ ∈ TV ⊕ T ∗V → e−b(v + ξ) ∈ TUin/nk ⊕ T ∗Uin/nk
where the B-field transformation eb is given by the two-form
b = h−1g1,1A = h−1 (dxu ⊗ dxv − dxv ⊗ dxu) = h−1dxu ∧ dxv
and A : TR2 → TR2, satisfying A2 = ITR2 , is the standard paracomplex structure on R2.
A =
(
1 0
0 −1
)
.
To see this, we note simply that the trasformed twisting three-form is
H ′ = Hin/nk − db = ∗4d4h− 1
h2
dxu ∧ dxv ∧ d4h+ 1
h2
dxu ∧ dxv ∧ d4h = ∗4d4h .
With the exact Courant algebroid E at hand, we analyze now the form of the generalized metric
provided by the black string solution. On the local patch Uin = R2 × Bin, the corresponding
generalized metric is given by
G =

0 0 hg−11,1 0
0 0 0 h−1g−14
h−1g1,1 0 0 0
0 hg4 0 0
 , (5.12)
where g4 = δmndxm⊗dxn. Similarly, we note that solution provided by the naked singularity gives
the exact same expression on the patch Unk = R2 × Bnk. On the patch V around the singularity,
the generalized metric takes now the form
ebGe−b =

A 0 hg−11,1 0
0 0 0 h−1g−14
0 0 A∗ 0
0 hg4 0 0
 . (5.13)
We note that the generalized metric V+ ⊂ E given by the previous expression, has a well-defined
smooth limit for any point p = (x, v) at the singularity R2 × S3, given by the subbundle
Kerx(A⊕A∗ − I)⊕ TvR4 ⊂
(
TxR2 ⊕ T ∗xR2
)⊕ (TvR4 ⊕⊕T ∗vR4) = Ep.
This subbundle corresponds to a smooth degenerate generalized metric on E|R2×S3 , with signature
(1, 1) on the R2-directions. We conclude therefore that there exists a smooth generalized metric on
the exact Courant algebroid E over R2 × (R4\{0}), degenerate over the singularity R2 × S3 of the
black string, which interpolates between the black string solution and the naked string, as claimed.
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A Linear algebra preliminaries
In this section we will review the linear geometry of the fibre of an exact Courant algebroid. Let
(W, 〈·, ·〉) be a 2d-dimensional vector space equipped with a metric 〈·, ·〉 of indefinite signature, and
given by a short exact sequence
0 // V ∗ pi
∗
// W
pi // V // 0. (A.1)
Here, V be a d-dimensional vector space and
pi∗ : V ∗ →W, (A.2)
is the map given by the dual map pi∗ : V ∗ → W ∗ and the isomorphism W ∗ ' W provided by the
metric. We assume that the image of pi∗ is isotropic in W , that is, 〈pi∗ξ, pi∗ξ〉 = 0 for all ξ ∈ V ∗.
An isotropic splitting of the exact sequence (A.1) is an inyective linear map s : V →W such that:
• pi ◦ s = IV
• 〈s(v1), s(v2)〉 = 0 , ∀ v1, v2 ∈ V .
Notice that pi∗(V ∗) ∩ s(V ) = {0} and therefore, since dim s(V ) = d, the metric 〈·, ·〉 must be of
split signature (d, d). Given an isotropic splitting s : V →W we can write W as follows:
W ' s(V )⊕ pi∗(V ∗) ' V ⊕ V ∗ , (A.3)
by means of the following isomorphism:
Ψs : V ⊕ V ∗ → W ,
v + ξ 7→ s(v) + 1
2
pi∗(ξ). (A.4)
The transported metric to V ⊕ V ∗ is given by
〈w1, w2〉 = 〈v1 + ξ1, v2 + ξ2〉 = 1
2
(ιv2ξ1 + ιv1ξ2) , w1, w2 ∈W , (A.5)
where slightly abusing the notation we have denoted by the same symbol the metric on W an the
corresponding metric on V ⊕ V ∗. Let us use a splitting to identify (W, 〈·, ·〉) with V ⊕ V ∗ equipped
with the metric 〈·, ·〉 given by equation (A.5). The isometry group of the metric 〈·, ·〉 and the
canonical orientation on V ⊕ V ∗ is:
SO(V ⊕ V ∗) ' SO(d, d) . (A.6)
Its Lie algebra is defined as usual by:
so(V ⊕ V ∗) = Λ2(V ⊕ V ∗) = End(V )⊕ Λ2V ⊕ Λ2V ∗ , (A.7)
and thus every element ψ ∈ so(V ⊕ V ∗) can be written in terms of a endomorphism A ∈ End(V )
of V , a two form b ∈ Λ2V ∗ and a bivector β ∈ Λ2V . Given this decomposition, the action of an
element ψ ∈ so(V ⊕ V ∗) on an element v + ξ ∈ V ⊕ V ∗ is given by
ψ · (v + ξ) = (A · v + β · ξ) + (ιvb−At · ξ) . (A.8)
By exponentiation of the previous action, we obtain the orthogonal, orientation-preserving, sym-
metries of V ⊕ V ∗. There are two important particular cases:
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• Exponentiation eb of a b-transformation: eb · (v + ξ) = v + (ξ + ιvb).
• Exponentiation eβ of a β-transformation: eβ · (v + ξ) = (v + ιξβ) + ξ.
The space of isotropic splittings of (A.1) is an affine space modelled on Λ2V ∗. Therefore, any other
splitting s′ : V →W can be written as:
s′ = s+ b , b ∈ Λ2V ∗ . (A.9)
Let Ψs′ be the isomorphism associated to the isotropic splitting s′ = s+ b. Then:
Ψs′ = e
b ·Ψs . (A.10)
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